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Abstract:  
 In this paper a forked two node tandem queueing model with load dependent service rates having bulk arrivals is 
introduced and analyzed under equilibrium conditions. The system performance measures like probability of emptiness of 
the system, the probabilities of emptiness of marginal queues, the average number of customers in each queue, the average 
waiting time of the customer in each queue, the throughput of each node, the utility of servers, and the variance of the 
number of customers in each queue are derived and analyzed. The sensitivity analysis of a model reveals that the bulk size 
distribution parameters have a significant influence on system performance measures. Through numerical studies, it is 
observed that the load dependent service rates can reduce the congestion in queues and mean delay. This model also includes 
some of the earlier models as particular cases for specific values of the parameters. 
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I. INTRODUCTION 

Queueing models create lot of interest due to their ready applicability. Several queueing models have been developed and 
analyzed with various assumptions in order to accommodate many practical situations arising at places like communication 
networks, transportation systems, production processes, etc. In many of the realistic situations the output from one queueing process 
servers as an input to another. This sort of queueing systems are known as tandem or serial queueing systems. Tandem queueing 
models provide basic framework for design and monitoring of communication networks, production processes, assembly lines, etc. 
For example, in store and forwarded systems the messages arrive to the source and converted into a random number of packets and 
stored in buffer for forward transmission. After getting transmission from first transmitter, the packets are splited into two categories 
namely, data and voice packets.  

All the data packets are routed through a buffer connected to the second transmitter and all the voice packets are routed through 
a third buffer connected to third transmitter which is in parallel to the second buffer. This type of queueing systems are known as 
Forked queueing systems. A queue is a waiting line of units demanding service at a service facility. The mathematical representation 
of a queueing system is known as a queueing model. Queueing models create lot of interest due to their ready applicability in wide 
varieties of situations prevailing at several places like Communication networks, Transportation systems, Production processes, 
Biological and population growth studies, Inventory control, Machine repairing, Reliability analysis, Computer performance 
evaluation Internet, Traffic flow control, ATM scheduling, Tele and satellite communications. 

In store and forwarded communication networks the messages arrived at the sources are converted into a random number 
of packets depending upon the size of the message. Similarly, in cargo handling at rail yards and ports the goods arrive for loading 
or unloading through the wagons / vessels containing random number of units. In both the situations the arrival of units to the 
system is in bulk having modules of random sizes. These bulk arrivals can be characterized with compound Poisson process. The 
compound Poisson process also includes Poisson process as a particular case. 

O’ Brien, G.G. (1954), Jackson,R.R.P. (1954, 1956), Jackson.J.R. (1957) have pioneered the tandem queueing models 
which were strengthened by the scientific arguments of Paul J. Burke (1956) the output process distribution. Several authors have 
studied various queueing models with various assumptions.  

Yukuo Hayashida (1993) studied the tandem type go back N scheme satellite communication to reduce the long round trip 
delay. Peter G. Harrison and Edwige Pitel (1995) obtained the Laplace transform of the probability distribution of the end – to – 
end delay in tandem networks. Baris Tan (1997) studied  the variance of the throughput of an N-station production line with no 
intermediate buffers and time dependent failures is analytically determined.Debicki, K.G., Mandjes, M.R.H. and Van Uitert, M.J.G. 
(2006) presented the steady state distribution of the workload of the second queue in a two-node tandem network.  Dudin, A.N., 
Kim, C.S., Klimenok, V.I. and Taramin, O.S. (2010) analyzed a dual tandem queue having a single server queueing system with 
infinite buffer at the first station and a multi-server queueing system with a finite buffer at the second station.  Wenhui Zhou and 
Zhaotong Lian (2011) analyzed a two-stage tandem network. The customers waiting in these two stages share one finite buffer. 
Parthasarathy, P.R. and Selvaraju, N. (2001), Kin K. Leung (2002), Suresh Varma, P. and Srinivasarao, K. (2007), Padmavathi, G., 
Srinivasarao, K and Reddy, K.V.V.S (2009) have developed queueing models with load dependent (state dependent) service rates. 
However, they assumed that the arrivals to the system are in single and can be characterized by Poisson process. Hence, in this 
paper a three-node forked queueing model with load dependent service rates having bulk arrivals is developed and analyzed.  Here, 
it is assumed that in each node the transmission rate is dependent on the content of the queue connected to it. The service processes 
in three service stations follow Poisson processes. It is further assumed that the customers arrive in batches of random size and the 
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arrival process formulate a compound Poisson process with parameter  and batch size distribution  . 
 Using Steady -State equations, the equilibrium behavior of the model is analyzed by deriving the joint probability generating 
function of the number of customers in each queue. The system performance measures like probability of emptiness of the system, 
the probabilities of emptiness of marginal queues, the average number of customers in each queue, the average waiting time of the 
customer in each queue, the utilization of the servers the throughput of each node, the variance of the number of customers in each 
queue are derived explicitly.  

The operating characteristics of the model with respect to the parameters is also presented through numerical illustrations 
by assuming that the number of customers in each arriving module follows a Uniform distribution. The steady state behavior of the 
model is also studied by deriving the performance measures of the system as a limiting case.  

II. STEADY STATE SOLUTION OF THE QUEUEING MODEL  

 
Consider a queueing system in which three queues are connected in tandem in which the customers arrive to the first queue in bulk. 
After getting service from the first service station, the customer may join the queue connected to the second or third service stations 
which are in parallel with certain probabilities. 

 Let  ,  and  be  the  three queues and , and are the service stations in order i.e., the customers after 

getting service at  may join either in the second queue,  with probability  or in the third queue,  with probability 

. It is further assumed that the customers arrive to the first queue in batches of random size. i.e., the actual number of 

customers in any arriving module is a random variable  with probability .  If  is the arrival rate of the Poisson process of 

batches of size   then    where,  is composite arrival rate of all batches and is equal to . This implies the arrival 

of customers follows a compound Poisson process with arrival rate λ having bulk size distribution { }. The 

number of service completions in all three service stations follow poisson processes with parameters ,  and  of first, 
second and third service stations respectively. It is further assumed that the service rates in each service station are linearly 
dependent on the content of the queue connected to it. The queue discipline is first in first out. The schematic diagram representing 
the queuing model is shown in Figure. 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure: Schematic diagram of the queuing model 
Let  and  denote the number of customers in first, second and third queues respectively, and    be 

the probability that there are  customers in the first queue,  customers in the second queue and  customers in the third 
queue at time t.  
The steady-state equations governing the model are 
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Let the joint probability generating function is 

                                                               (2) 

Multiplying the above of equations with    and summing over and  then we get  

 

     where,  and  P=                                            (3) 

Solving the equation (3), by Lagrange’s method, auxiliary equations are 

                     (4)                                                                                                                

Therefore joint probability generating function is obtained as  
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Expanding  given in equation (5) and collecting the constant terms, we get the probability that the system 

is empty as  

                                                                                   

                                                                                                (6)    
                                                                                                             
Taking , ; ,  and ,  in , the probability generating functions of the     
queue size are obtained respectively as  

                                                                                                                              

(7) 
 
Expanding , for m = 1,2,3 and collecting the constant terms, we get the probability that the first, second and third queues 
are respectively empty as  
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The mean number of customers in the   queue is 
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                                                                                (9) 

The utilization of the first, second and third servers are    
;  

 and 

                                                                                                           (10) 

The Throughput of the   queue is 
 , for m = 1,2,3                                                                                 (11) 

The average delay in the   queue is  

, for m = 1,2,3  

The variance of number of customers in the   queue is 

                      (13)  

 

III. PERFORMANCE MEASURES WITH UNIFORM BATCH SIZE DISTRIBUTION 

The performance of the queuing model is highly influenced by the form of batch size distribution.  It is assumed that the 
number of customers in any arriving module is a random variable and it follows a uniform distribution with parameters  and , 
then the probability mass function of the batch size arriving module distribution is 

                                                                (14) 

The mean number of customers in a batch is   L =                                                 (15) 

The variance of batch size is   V =  
                                                (16) 

The joint probability generating function is obtained as  
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                                                                                                 (17) 
The probability that the system is empty is  

                                           

; 

                                                                                               (18) 

The probability generating functions of the   queue is obtained respectively as 

                                                                                                                                

(19) 
Expanding , for m = 1,2,3 and collecting the constant terms, we get the probability that the first, second and third queues 
are respectively empty as  
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                                                                                      (21) 

The utilization of the first, second and third queues are    
;  and                                                       (22) 

The Throughput of the   queue is 
 , for m = 1,2,3                                                                                         (23) 

The average delay in the   queue is  

, for m = 1,2,3                                                                                            (24) 

The variance of number of customers in the   queue is 

          (25)                

 

IV. PERFORMANCE EVALUATION OF THE QUEUEING MODEL  

 
          In this section, the performance of the proposed queuing model is discussed through numerical illustration.  

Since performance characteristics of queuing model are sensitive with respect to the parameters, the steady state behavior 

of model is studied through computing the performance measures with the following set of values for the model parameters:   

a = 1, 2, 3, 4, 5;  b = 10, 15, 20, 25, 30;  l = 1.5, 2.0, 2.5, 3.0, 3.5; = 3, 4, 5, 6, 7; = 8, 9, 11, 12, 13 ; = 8,12,16, 

22, 25;  and p = 0.1, 0.3, 0.5, 0.7, 0.9.  

For different values of the parameters the values of probability of emptiness of each queue, the average   number of  

customers in each queue,  the throughput of each node, the mean waiting time of a customer in each queue  are computed and 

presented in Table . 

From Table ,  it is observed that the batch size distribution parameters have significant influence on the performance 

measures. As   and   are increasing the probability of emptiness of each queue is decreasing, and the average number of 

customers in the queue and the average waiting time of a customer are increasing when other parameters are fixed. 
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Table 3.    PERFORMANCE OF OPERATING CHARACTERISTICS OF SYSTEM  FOR DIFFERENT VALUES OF 
THE PARAMETERS 

 
This model also includes some of the earlier models as particular cases for specific values of the parameters. These models 

are much useful for performance evaluation of communication networks. 
 

V. CONCLUSION  

In this paper a novel and new queueing model which is useful for performance evaluations of several communication networks, 
production processes, Assembly systems, etc is developed and analyzed.  
Here it is assumed that the arrivals are in bulk of random size. It is further assumed the service rate at each service station is linearly 
dependent on the content of the connected to it. 
 The system performance measures like probability of emptiness of the system, the probabilities of emptiness of marginal queues, 
the average number of customers in each queue, the average waiting time of the customer in each queue, the throughput of each 
node, the utility of servers, and the variance of the number of customers in each queue are derived and analyzed explicitly. 
 So regulating the input parameters one can control the congestion in queues and avoid burst ness of the lines.  
This model also includes some of the earlier models in tandem as particular cases for specific values of  the parameters. In this 
paper the bulk size distribution is considered as uniform.  
It is also possible to analyze the model with binomial and truncated geometric bulk size distributions. This model can also be further 
extended for considering cost aspects and optimization which will be taken as elsewhere. 
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